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In the presence of a gravitational field decay rates may significantly differ from flat space equiv-
alent. By studying mutually interacting quantum fields the decay rates can be calculated on a
given spacetime. This paper presents the calculation of the transition probability for the decay of a
massive scalar particle in a stiff matter dominated universe. We find that due to the precence of a
gravitational field a finite correction to the transition probability is added which depends inversely
on the mass. Moreover the decay rate is smaller and lifetime of the particles is longer compared to
flat space. The mass dependence is such that the lifetime of lighter particles is prolonged more com-
pared to heavier particles. This result may be of significance when studying cosmological situations
involving stiff matter.
I. INTRODUCTION
Quantum field theory in curved spacetime, the study
of propagating quantum fields on an unquantized back-
ground, is currently the best tool for investigating nature
at its most fundamental level. One of the most striking
features of this theory is the phenomenon of gravitational
particle creation out of the vacuum. From the semi-
nal works of Parker [1–3] through numerous present day
studies considerable amount of work has been devoted to
this aspect; see for example [4, 5] and references therein.
Although free fields are an important facet of study, re-
alistic fields tend to interact with each other. Regarding
this aspect, self-interacting quantum fields on an unquan-
tized background have received a lot of attention, where
investigations have mainly been confined to the problem
of renormalization. However, a closely related topic of
mutually interacting fields, where the interest is on what
effects the process of mutual interaction between two dif-
ferent quantum fields has on the particle production, has
only scarcely been investigated in the literature. Few ex-
tensive studies were made some time ago by Audretsch
and Spangehl [6–8], Birrell, Davies and Ford [9] and Lotze
[10, 11]. More recent studies have been concerned with
QED processes in de Sitter spacetime [12–14] and also in
radiation dominated universe [15].
Of physical interest in interacting field theories are
the calculations of cross sections, decay rates and life-
times. Due to the dynamical nature of the spacetime,
these may differ greatly from those obtained from ordi-
nary special relativistic quantum field theory which may
be only of limited applicability in cosmological situations.
It is therefore not only interesting but necessary to inves-
tigate the decay of particles in a given dynamical space-
time to understand under what conditions and to what
extent the Minkowskian results are modified. However,
a major drawback usually found in cosmological models
in the context of quantum field theory in curved space-
time is that they are not very realistic. One usually has
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to ’complete’ the spacetime by introducing an in region
at negative infinity in order to well define the quantum
field modes, or to facilitate exact calculations an unre-
alistic interaction has to be introduced. In our previous
article [16] a cosmological model for stiff matter domi-
nated universe was introduced where the in region is not
constructed at negative infinity but near the spacetime
singularity making the model physically more interest-
ing. Stiff matter filled universe is also particularly inter-
esting from cosmological perspective since the inflation
field, when dominated by its kinetic energy, behaves like
stiff matter. Therefore the immediate time after inflation
may well be described by a stiff matter era. Recently
there has also been a growing interest in cosmological
models exhibiting an early stiff matter era [17–21].
In this paper we study quantum field theory in a stiff
matter dominated universe by investigating the mutual
interaction between two different fields. We provide a
detailed analysis of the transition probability for the de-
cay of a massive particle in this spacetime and especially
we use a realistic interaction and cosmological model to
provide a physically motivated study. Calculation of the
decay rate in curved space is more complicated than in
flat space and a couple of different methods for the cal-
culation exists. The method introduced in Refs. [22, 23]
using Wigner-Weisskopf method an the one introduced
in Ref. [6] which uses the method of added-up probabil-
ities. We will use the latter and to use this concept we
will use conformally coupled fields which are conformally
coupled to gravity. We show that due to the dynamical
background the decay rate obtains finite additive correc-
tion which depends inversely on the mass of the particle.
Moreover the decay of a scalar particle in a stiff matter
dominated universe is slower than in Minkowskian space.
This paper is structured as follows. Section II contains
the necessary background for dealing with particle decay.
We give a brief review of the concept of added-up prob-
abilities in Sec. III. In Sec. IV we obtain the transition
amplitude and transition probability for the decay of a
massive particle and discuss the obtained decay rate in
Sec. V. Finally in Sec. VI we present the conclusions.
We work in natural units ~ = c = 1 and the metric is
chosen with a positive time component.
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2II. PRELIMINARIES
We consider the cosmological model presented in Ref.
[16]. The universe is described by a four-dimensional
spatially flat Friedmann-Robertson-Walker metric
ds2 = a(η)2(dη2 − dx2) (1)
given in conformal time η. By choosing a(η) = bη1/2,
η ∈ (0,∞), this describes a stiff matter filled universe
and the standard time scale factor a(t) ∝ t1/3. Here the
parameter b controls the expansion rate of the spacetime.
We consider a massive real scalar field φ and a massless
scalar field ψ propagating in this spacetime which are
conformally coupled to gravity. The Klein-Gordon equa-
tion takes in this case the form
(+m2 +R/6)φ(η,x) = 0, (2)
where  is the covariant d’Alembert operator and R de-
notes the Ricci scalar. For massless field take m = 0.
The positive frequency plane-wave solutions of Eq.(2) in
the asymptotic future are [16]
up(η,x) =
eipi/12
√
2pi
(2pi)3/2z1/3
Ai
(
eipi/3
p2 + z2η
z4/3
)eip·x
a(η)
, (3)
where z := mb, p := |p| and Ai denotes the Airy function.
These modes define the out-vacuum. For a massless field
the corresponding mode solutions are obtained straight-
forwardly from the flat space solutions:
vk(η,x) =
1
(2pi)3/2a(η)
1√
2k
eik·x−ikη, (4)
where k := k0 = |k|. The usual expansion for the field
can be written as
φ(x) =
∑
p
(
apup(x) + a
†
pu
∗
p(x)
)
, (5)
ψ(x) =
∑
k
(
bkvk(x) + b
†
kv
∗
k(x)
)
, (6)
where ap, a†p and bk, b
†
k are the annihilation and cre-
ation operators for the fields φ and ψ respectively sat-
isfying the commutation relations [ap′ , a†p] = δpp′ and
[bk′ , b
†
k] = δkk′ with other commutators vanishing. The
vacuum state |0〉 is defined through ap |0〉 = 0,∀p. For a
massless field with conformal coupling there is no parti-
cle creation due to expansion of spacetime and therefore
the in and out vacuums agree with each other. For mas-
sive fields the in and out vacuums differ from each other.
Many particle states are constructed in the usual way by
acting repeatedly to the vacuum state by the creation
operator.
We consider interacting field theories within the gen-
eral prescription [4]. The interaction between the two
fields is given by the Lagrangian
L =
√−g
2
{
∂µφ∂
µφ−m2φ2 − R
6
φ2 + ∂µψ∂
µψ − R
6
ψ2
}
+ LI , (7)
where g stands for the determinant of the metric. For
the interaction term we choose
LI := −
√−gλφψ2, λ > 0. (8)
The S-matrix scheme is applied in the Furry picture with
gravity acting as the external unquantized field and the
S-matrix is given as
S = lim
α→0+
Tˆ exp
(
i
∫
LIe−αηd4x
)
, (9)
where Tˆ denotes the time-ordering operator. The expo-
nential factor e−αη acts as a switch-off for the interaction
for large times with α being a positive constant and called
the switch-off parameter. The perturbative expansion of
the S-matrix for the interaction (8) gives
S = 1− iλA+O(λ2) (10)
with
A := lim
α→0+
∫
Tˆ φψ2e−αη
√−g d4x. (11)
We consider only tree level processes for which the tran-
sition amplitude is defined as
A := 〈out|A|in〉 . (12)
III. ADDED-UP PROBABILITY
The interpretation of transition amplitudes and decay
rates is more complicated in curved space than in flat
space. One of the reasons is that in a dynamically ex-
panding universe there is creation of particles out of the
vacuum which interferes with the process of mutual in-
teraction. A particle counter for massive particles always
registers the combined effect of mutual interaction and
background. One way around this problem is to consider
a particle counter based on massless particles, since in a
conformally flat spacetime conformally coupled massless
particles are not influenced by the background spacetime.
A registered massless particle has always been solely cre-
ated or influenced by the mutual interaction. This is
the key behind the concept of added-up probability in-
troduced by Audretsch and Spangehl in Ref. [6]. The
physically measurable quantity is then the probability
that a certain massless state is found regardless of the
states of the massive fields. This is achieved by summing
over all massive states. Next we give a brief introduction
to this method.
Restricting to our case of processes of first order in λ
with one ingoing massive mode with momentum p lead-
ing to two outgoing massless modes with momenta k1
and k2, the added-up probability is defined as [6]:
waddφ→ψψ(p,k1,k2)
= λ2
∞∑
n=0
1
n!
∑
q1,...,qn
|〈out, 1ψq1 , ..., 1ψqn1ψk11
ψ
k2
|A|1φp, out〉|2.
(13)
3Since both in and out states are complete, the added-
up probability can be expressed with respect to either
of these states. We choose the out state since for the
model we are using the out state is an exact solution.
Audretsch and Spangehl argue, that restricting to those
outgoing ψ particle modes which fulfill the 3-momentum
conservation law k1 + k2 = p, the added-up probability
resembles closest to what one would like to attribute to
a decay process. It contains the minimal admixture of
creation processes from the vacuum which are indistin-
guishable from the decay process itself. With A given in
Eq. (11), the added-up probability now takes the form
waddφ→ψψ(p,k,p− k) =λ2
{
|〈out, 1ψk1ψp−k|A|1φp, out〉|2
+ |〈out, 1φ−p1ψk1ψp−k|A|0, out〉|2
}
,
(14)
where k1 = k and k2 = p− k. The corresponding Feyn-
man diagrams are given in Fig. 1.
p
k
p− k
p
k
p− k
a b
FIG. 1. Diagrams contributing to the added-up decay proba-
bility. The solid line corresponds to the massive particle and
the dashed lines to massless particles.
The first term in (14) corresponds to diagram a of Fig.
1, while the second term refers to diagram b. The total
decay probability is obtained by summing over all the
k-modes:
wtotφ→ψψ =
∑
k
waddφ→ψψ(p,k,p− k). (15)
IV. DECAY OF THE MASSIVE PARTICLE
Within the framework given in previous sections, we
consider the φψ2 interaction illustrated by the Feynman
diagrams in Fig. 1. In the absence of a gravitational field,
the massive φ particle decays into two massless ψ parti-
cles as in diagram a. When a gravitational field is present
the process shown in diagram b, where a massive and two
massless particles are created simultaneously, can occur
due to lack of energy conservation. Next, we carry out
the exact calculation of the transition amplitudes and the
total probability.
A. Transition amplitude
Using the solutions (3) and (4) together with Eq. (11),
the transition amplitude of diagram a of Fig.1 has the
following form:
− iλ 〈out, 1ψk11
ψ
k2
|A|1φp, out〉
=
−ibλeipi/12√piδ(p− k1 − k2)√
2k1k2z1/3(2pi)3/2
× lim
α→0+
∫ ∞
0
Ai
(
eipi/3
p2 + z2η
z4/3
)
e[i(k1+k2)−α]η
√
η dη.
(16)
The delta function expresses the conservation of mo-
mentum among the created particles. The stiff mat-
ter expansion law allows a particle definition for the
in-region which is at η → 0 and for the out-region at
η →∞ so we take the conformal time integral to go from
zero to infinity. Changing to a dimensionless variable
u = (p2 + z2η)/z4/3 we obtain
− iλ 〈out, 1ψk11
ψ
k2
|A|1φp, out〉
=
−ibλeipi/12√piδ(p− k1 − k2)√
2k1k2(2pi)3/2z2
IA(u, k1 + k2), (17)
where
IA(u, k1 + k2) = lim
α→0+
∫ ∞
p2/z4/3
√
z4/3u− p2Ai(eipi/3u)
× e[i(k1+k2)−α](z4/3u−p2)/z2du. (18)
The amplitude of diagram b has the same factors as in the
amplitude of diagram a, but with δ(p−k2−k2) replaced
by δ(q + k1 + k2). Furthermore the exponential in the
argument of the Airy function is replaced by a negative
sign. The amplitude of diagram b is given by
− iλ 〈out, 1φq1ψk11
ψ
k2
|A|0, out〉
=
−ibλeipi/12√piδ(q + k1 + k2)√
2k1k2(2pi)3/2z2
IB(u, k1 + k2), (19)
where
IB(u, k2 + k2) = lim
α→0+
∫ ∞
q2/z4/3
√
z4/3u− q2Ai(e−ipi/3u)
× e[i(k1+k2)−α](z4/3u−q2)/z2du. (20)
Again, the outgoing particle modes are constrained to
those which fulfill the 3-momentum conservation law.
With these two amplitudes the total added-up proba-
bility can now be calculated.
B. Transition probability
We want to calculate the total transition probability
wtot as defined in (15). In order to allow an exact cal-
culation, we perform integration for the case of decaying
4particles at rest (p = 0) obtaining
wtotφ→ψψ =
λ2
48m2
(
Tη −
√
3
3pi
)
. (21)
The details of this calculation are given in the appendix.
The infinite duration of the interaction is contained in
the term Tη and its explicit form is given by
Tη :=T
2Ai(−T )2 + T 2Bi(−T )2 + TAi′(−T )2
+ TBi′(−T )2 + Bi(−T )Bi′(−T ) + Ai(−T )Ai′(−T ),
(22)
where T denotes the scaled conformal time cutoff T =
z2/3η. The total probability contains an infinite part
and an additive finite part which is the contribution of
the gravitational field. We stress that Eq. (21) is an
exact result and that in the limit of T → 0 it goes to
zero, as it should. To better understand the behavior of
(21), we look at its asymptotic values for large T . Taking
only the leading terms in the asymptotic series we have
Tη ∼ 2
pi
T 3/2 =
2
pi
mbη3/2, (23)
where we have restored z = mb. In conformal time the
leading two terms in the asymptotic expansion of the
decay probability is given as
wtotφ→ψψ ∼
λ2b
24pim
(
η3/2 − 1
2
√
3 bm
)
. (24)
The conformal time variable η can be changed back to
the coordinate time t by using the relation
t =
2
3
bη3/2. (25)
Asymptotically the total transition probability can be
expressed in standard coordinate time as
wtotφ→ψψ ∼
λ2
16pim
(
t− 1
3
√
3m
)
. (26)
This is only valid when t is large enough.
V. THE DECAY RATE
In flat spacetime the infinite time would be divided
out in order to obtain the reciprocal of lifetime, the de-
cay rate. Due to the structure of (26) this procedure is
not so straightforward. To proceed, the decay rate can
be considered as in Ref. [6] where one divides the finite
additive part by a finite gravitational time Tgrav repre-
senting the duration of the gravitational influence. This
can be defined as Tgrav = tf − ti, where ti denotes the
time when the gravitational field begins its influence and
tf its end. The mean decay rate is then
Γφ→ψψ =
λ2
16pim
(
1− 1
3
√
3mTgrav
)
. (27)
The minus sign contained in the additive part can make
the whole decay rate negative so, in order for the decay
rate to make sense, we require it to be positive. This
imposes the following restriction for the gravitational in-
fluence:
Tgrav >
1
3
√
3m
. (28)
The differential decay rate is obtained straightforwardly
from Eq. (26) and it is given by
dwtot
dt
=
λ2
16pim
. (29)
The result (27) can be compared with the flat space
equivalent obtained by using the same method of cal-
culation. Using a normal plane wave solutions, the
Minkowskian result for the decay rate using added-up
probabilities, with p = 0, is
ΓMinkφ→ψψ =
λ2
16pim
. (30)
It should be noted that in this calculation only diagram
a of Fig. 1 is taken into account since the second dia-
gram does not contribute in flat space. Comparing the
Minkowskian and mean decay rates the following obser-
vations can be made.
The minus sign in Eq. (27) implies that the contri-
bution of the gravitational field decreases the decay rate
prolonging the lifetime of the particles. Since the cor-
rection term is inversely proportional to the mass of the
particle in question, this effect is most notable for light
scalars. The appearance of the minus sign also imposes a
restriction to the gravitational influence in order to keep
the decay rate positive. It must be stressed however that
the result (27) is the first order asymptotic expansion
which means that it is only valid if t is sufficiently large.
This in turn implies that Tgrav is large already. As the
time gets smaller, next to leading order terms have to be
taken into account since then they start to contribute.
Hence, the restriction (28) is the minimum requirement
that the decay rate with only leading order terms is posi-
tive. The exact decay rate remains always positive. This
brings us to the question on how significant this relative
correction term actually is in a real setting. Since the
formula for the decay rate (27) is only valid under the
restriction of Eq. (28) and Tgrav is usually much longer
than inverse of mass the relative correction term is in
practice quite small. Considering a practical setting, it
thus seems that the difference in decay rates between an
expanding universe and the Minkowski space is not very
significant. However it cannot be said that the relative
correction term can be neglegted altogether, in particular
for t ∼ m when the full equation (22) should be used.
Since only tree level processes are considered, the
higher order perturbative corrections affect the results
as well as other processes in a physically realistic model.
In particular, there may be kinematically forbidden flat
5space processes, e.g., decay via trilinear self-interaction,
which may contribute to the rate. These processes are
however much more challenging tasks [22].
A feature that must be addressed is that the metric
used here does not have a well defined Minkowskian limit
as b tends to zero. Therefore the comparison of the ob-
tained decay rate (27) to the Minkowskian counterpart
should be taken with some caution. One could of course
introduce a metric of the form a(η)2 = d2+b2η with d be-
ing a constant which could be set equal to one. This way
the metric would have a well defined Minkowskian limit
as b→ 0, but it turns out that the correction term does
not. The cause of this can be traced back to the confor-
mal time integral and the effect of taking the b→ 0 limit
causes the lower limit to extend to infinity. One notable
difference between our result and that of Ref. [6] is the
missing factor of one half in front of the Minkowskian
term in our result. The appearance of 1/2 in Ref. [6]
was explained to be the result of using an interaction
term which was divided by the scale factor. The use of a
realistic coupling resulting in no additional terms in the
Minkowskian term could be a general feature.
We have also limited our study to a universe filled with
stiff matter. This choice was motivated not only by cos-
mological interest but also by practical matters, since
the field modes for a universe which is dominated by stiff
matter at all times are known. Although processes occur-
ring in radiation or matter dominated phase are evidently
relevant, these situations prove to be much more difficult
since the field modes for a massive particle in a matter
dominated phase are not known and are only known for
a universe which is asymptotically radiation dominated
[24].
Finally we may speculate about why the decay rate
has an explicit leading Minkowskian part in T−1grav ex-
pansion both here and in Ref. [6]. General coordinate
invariance allows to set up a quasi-Minkowskian coordi-
nate system to each point in the path of a single decaying
particle. For the decay rate calculation one constructs a
wave packet which is peaked around the momentum p.
Hence in the vicinity of the particle path the mode solu-
tions are quasi-Minkowskian and the decay rate obtains
a Minkowskian contribution nearby the path. However,
the particle is not completely localized in spacetime and
therefore when the whole wave packet along the path is
taken into account there is a curvature induced addition.
More rigorous treatment is surely needed to establish this
hypothesis on a firmer basis or disprove it.
VI. CONCLUSIONS
The presence of a gravitational field may significantly
alter the decay rates in a given dynamical background
and the choice of the scale factor affects greatly on how
the contribution of the gravitation field increases or de-
creases the decay rate. Our results imply that in a stiff
matter dominated universe the Minkowskian results are
applicable when considering very massive particles, but
with light particles there is a gravitational correction
term which should be taken into account. This result can
be of significance when studying cosmological situations
although it is not entirely clear, due to the construction
of the added-up probability, how the decay rate in itself
should be used e.g., in the Boltzmann equations. Cos-
mological situations involving a stiff matter era include
for example reheating scenarios which could be a point
of study for future research.
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Appendix: Total probability
To calculate the total probability (15) we pass to con-
tinuum normalization and perform the k2 integration:
wtot=
λ2b2pi
2(2pi)3/2
∫ ∞
−∞
d3k
k|p− k|
∣∣∣ lim
α→0+
∫ ∞
p2/z4/3
√
z4/3u− p2
× e(i(k+|p−k|)−α)(z4/3u−p2)/z2Ai(eipi/3u)du
∣∣∣2. (A.1)
In obtaining this we have used the fact that |IA(u, k +
|p− k|)|2 = |IB(u,−k − |p− k|)|2. Next we are going
into the rest frame of the incoming particle p = 0 and
changing the k-integration variable to k′ = 2kz−2/3. Us-
ing spherical coordinates we obtain
wtot =
λ2b2
8piz2
I, (A.2)
where
I =
∫ ∞
−∞
dk′
∣∣∣ lim
α′→0+
∫ ∞
0
√
u e(ik
′−α′)uAi(eipi/3u)du
∣∣∣2.
(A.3)
Here α′ = α/z2/3. In order to calculate (A.3) we notice
that it is essentially a three dimensional integral contain-
ing the k′-integration and a two dimensional integral from
the absolute value. The k′-integration can be treated as
a distribution, since contains an integral of the form∫ ∞
−∞
eik
′(x−y)dk′ = 2piδ(x− y). (A.4)
With the Eq. (A.4) two of the integrations in (A.3) can
be performed leaving the integral
I =
pi
2
lim
α′→0
∫ ∞
0
e−2uα
′
u[Ai(−u)2 + Bi(−u)2]du. (A.5)
6The Airy functions of the integrand can be written in the
following integral form [25]:
Ai(−u)2 + Bi(−u)2 =
∫ ∞
0
e−t
3/12−ut
pi3/2
√
t
dt. (A.6)
With the help of this integral form we are left with the
double integral
I =
pi
2pi3/2
lim
α′→0
∫ ∞
0
∫ ∞
0
ue−t
3/12−ut−2α′u
√
t
dtdu. (A.7)
The u-integration, which is essentially the time variable,
diverges so we introduce a cutoff at u = T . Changing the
order of integration and taking the α′ limit, we get
IT =
∫ ∞
0
e−
t3
12−tT
(−tT + etT − 1)
2
√
pit5/2
dt
=
pi
6
(
Tη −
√
3
3pi
)
, (A.8)
where
Tη :=T
2Ai(−T )2 + T 2Bi(−T )2 + TAi′(−T )2
+ TBi′(−T )2 + Bi(−T )Bi′(−T ) + Ai(−T )Ai′(−T )
(A.9)
Hence, the total added-up probability reads as
wtotφ→ψψ =
λ2
32m2
(
Tη −
√
3
3pi
)
. (A.10)
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